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We study theoretially the ondutane of heterostrutures with ferromagneti ondutors (F) and
a two dimensional eletron gas with Rashba spin-orbit interation (R) using the Landauer-Büttiker
formalism. Assuming a one-dimensional model, we rst nd the S-matrix for the FR interfae. This
result is then applied to dierent devies suh as a FRF struture, rst suggested by Datta and
Das[Appl. Phys. Lett. 56, 665 (1990)℄. We nd analyti results for the ondutane for the ase of
ollinear magnetization.
I. INTRODUCTION
In 1990 Datta and Das showed that a spin-valve ef-
fet arises when a ondutor with spin-orbit oupling of
the Rashba type is onneted to two ferromagneti on-
tats. If furthermore the spin-orbit interation an be
tuned by an external eletri eld this eet an maybe
be used as a spin transistor devie.
1
The reent years ad-
vanes in tehnology of spin injetion into semiondu-
tors has renewed the interest in this type of devie. The
Rashba spin-orbit oupling has been measured in a num-
ber of materials, e.g. in heterostrutures based on InAs
2
or HgTe.
3
Also reports on eletri eld ontrol of the
Rashba interation has been reported,
4
but there is still
some disussion about the interpretation of the results.
5
In this paper we study the ondutane of an eletron
gas with Rashba spin-orbit interation (R) sandwihed
between ferromagneti (F) or non-magneti materials (N)
using a onvenient S-matrix formalism. Throughout the
text we restrit ourselves to a one-dimensional model.
This ould be realized by making a point ontat stru-
ture dened by a set of split gates on top of the Rashba
spin-split 2 dimensional eletron gas (2DEG). In higher
dimensions the interferene eet due to the Rashba spin-
orbit oupling beomes weaker beause the phase shifts
depend on the length and the angle of the path between
the two ontats.
II. THE MODEL SYSTEM
In this setion we speify the Hamiltonian and the
eigenstates for the F, R and N segments. The geome-
try is as shown in Fig. 1. The 2DEG has Rashba spin-
orbit sattering orresponding to an eletri eld in the
z-diretion. The Hamiltonians for the disorder free re-
gions F,R, and N are, respetively,
ĤN =
pˆ2
2mN
+ EN0 , (1)
ĤF =
pˆ2
2mF
+∆
M
M
· σ̂ + EF0 , (2)
ĤR =
pˆ2
2mR
+
α
~
(p̂×E) · σ̂ + ER0 . (3)
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FIG. 1: Geometry of the struture studied in this paper.
Here we have dened the spin splitting energy in
the ferromagnet ∆ and the magnetization as M =
M(sin θ cosφ, sin θ sinφ, cos θ), with θ and φ being the
usual spherial angles. The magnetizations in two on-
tats, M1 and M2, are in general dierent. Further-
more, E
(F,R,N)
0 is the band o-sets and we have used
the paraboli band approximation and dened the ee-
tive masses by mF,mR and mN. The last term is the
Rashba spin orbit interation where α is the Rashba in-
teration parameter, and E is the eld that indues the
spin-orbit oupling. The parameter α|E|, whih gives the
strengths of the oupling, has been argued to be of order
α|E| ∼ 10−11 eVm.2,4
In order to solve the sattering problem we need to
nd the veloity operators. We obtain for the geometry
as in Fig. 1
v̂R =
p̂
mR
− αEσ̂y
~
, v̂F =
p̂
mF
, v̂N =
p̂
mN
. (4)
In R the veloity is modied due to the presene of the
spin-orbit term. The veloity operator is derived for ex-
ample by noting that v̂ = i[H,x]/~ or by using the Hamil-
ton equation v̂ = ∂p̂Ĥ.
Next we nd the eigenstates of the Hamiltonians (1)-
(3) with energy ε
ψ±Fσ(x) = φ
±
Fσ(x)|σ〉, φ±Fσ(x) =
√
mF
~kσ
e±ikσx (5)
ψ±Rs(x) = φ
±
Rs(x)|s〉, φ±Rs(x) =
1√
vR
e±iksx (6)
ψ±Nµ(x) = φ
±
Nµ(x)|µ〉, φ±Nµ(x) =
√
m
~k
e±ikx (7)
2where the spinor eigenstates are given by
{|σ〉, |σ¯〉} = 1√
2(1± cos θ)
(
cos θ ± 1
sin θeiφ
)
, (8)
{|s〉, |s¯〉} = 1√
2
(±i
1
)
, (9)
{|µ〉, |µ¯〉} =
{(
1
0
)
,
(
0
1
)}
, (10)
and the relations between the wavenumbers and the
eigenenergy ε are
ε =
~
2k2σ
2mF
+ σ∆+ EF0 , (11)
ε =
~
2
2mR
[ks(ks + 2skR)] + E
R
0 , (12)
ε =
~
2k2
2mN
+ EN0 . (13)
Here s and σ is ±1 and we have dened
kR =
αEmR
~2
. (14)
The veloity in the Rashba material vR is
vR =
~
mR
(ks + skR) =
~
mR
[
2mR(ε− ER0 )
~2
+ k2R
]1/2
,
(15)
where the last equality follows from Eq. (12). Note that
the veloity is independent of the Rashba spin diretion.
III. SETTING UP THE S-MATRIX FOR
INTERFACE BETWEEN F AND R
Now we onsider the sattering problem related to an
interfae between an F and an R region. We start by
onsidering a sattering state for an interfae without
disorder and with an eletron with spin σ inoming from
the ferromagneti side. This we use to prove that the
sattering problem beomes diagonal in the spin degree
of freedom. The sattering state is dened by
ψRF,σ(x) =
{
φ+Fσ(x)|σ〉 + rσσφ−Fσ(x)|σ〉, x ∈ F∑
s tσσαsσφ
+
Rs(x)|s〉, x ∈ R
(16)
where we have F in x < 0 and R in x > 0.
We solve for the sattering state without inluding the
possibility of being reeted or transmitted in an |σ¯〉.
This is possible beause the spin states in R arry the
same group veloity and any linear ombination of |s〉
and |s¯〉 is thus an eigenstate to the veloity operator.
Therefore we an hoose the oeients αsσ suh that
the transmitted state at the interfae, x = 0, is equal to
the state |σ〉∑
αsσ|s〉 = |σ〉 ⇒ αsσ = 〈s|σ〉 ≡ Usσ. (17)
The ontinuity onditions at the interfae are that the
wavefuntion and the probability urrents must be on-
tinuous
ψRF (0
−) = ψRF (0
+), v̂FψRF (0
−) = v̂RψRF (0
+). (18)
These 4 equations redue to only 2 linearly independent
equations beause, as mentioned above, the ψRF is eigen-
state of v̂R, and we obtain
1√
vσ
(1 + rσσ) =
1√
vR
tσσ (19)
√
vσ(1− rσσ) = √vRtσσ. (20)
This set of equations orresponds to the sattering be-
tween two metals with Fermi veloities given by vσ and
vR, respetively. The are readily solved
tσσ =
2√
v
σ
v
R
+
√
v
R
v
σ
, rσσ =
√
v
σ
v
R
−
√
v
R
v
σ√
v
σ
v
R
+
√
v
R
v
σ
. (21)
Here tσσ and rσσ are the transmission and reetion am-
plitudes written in the basis dened by the spin eigen-
states in F. The transmission and reetion matries is
thus diagonal in this basis
tσσ′ = tσσδσσ′ , rσσ′ = rσσδσσ′ . (22)
When we want to ombine the transmission through the
FR interfae with propagation in R, it is more onve-
nient to write the transmission and reetion matries in
the basis set dened by spin eigenstates in R. These we
denote by tR and rR and they are
tRs′s =
∑
σ
〈s′|σ〉tσσ〈σ|s〉 or tR = UtU†, (23)
rRs′s =
∑
σ
〈s′|σ〉rσσ〈σ|s〉 or rR = UrU†. (24)
Next we onsider transmission from R to F. For this
we set up a sattering state where the inoming eletron
from the R side at x = 0 has a denite spin with respet
to the F side. For the same reasons as above we need only
onsider one F spin hannel at a time. We thus write
ψFR,σ(x) =
{ ∑
s
[
φ−Rs(x) + r
′
σσφ
+
Rs(x)
]
αsσ|s〉, x ∈ R
t′σσφ
−
Fσ(x)|σ〉, x ∈ F
(25)
Solving for t′σσ r
′
σσ in the same way as above, we obtain
the reverse transmission and reetion matries written
in the F spin basis as
t′ = t, r′ = −r. (26)
When onverted into the basis orresponding to R eigen-
states, this beomes
t′R = UtU†, r′R = −UrU†. (27)
3As is evident from Eqs. (26) and the fat that tr = rt
the S-matrix for the FR interfae
S =
(
r t′
t r′
)
, (28)
is indeed unitary.
The one-dimensional sattering problem is easily gen-
eralized to inlude disorder or interfae sattering if the
sattering onserves spin, beause the sattering problem
would still separate in two parts, one for eah spin dire-
tion in the ferromagnet. The total S-matrix is then given
by the orresponding problem of sattering between two
disordered ondutors with dierent Fermi veloities. In
the following we do not speify the the transmission o-
eient between F and R, and the results are therefore
general for any type of interfae, as long as spin ip sat-
tering is not present.
IV. LANDAUER-BÜTTIKER FORMULA
If the ontats are made of ferromagneti ondutors
with a partial polarization then the ondutane is a-
ording to the Landuer-Büttiker formula given by
G =
e2
h
∑
σLσR
|tσ
L
σ
R
|2 = e
2
h
Tr
[
t†t
]
, (29)
where the tσ
L
σ
R
is the transmission amplitude through
the entire struture written in a basis where the left
(rigth) spin state is labeled by σL(R). This result is of
ourse independent of spin basis set. If, however, we on-
sider a situation where one or both of the ontats are
half metalli, i.e. the polarization is 100%, then sum-
mation over nal and initial states of the transmission
matrix tσ
L
σ
R
must be restrited. This means that the
sum over σLσR in Eq. (29), must inlude only populated
spin states.
Sine we are mainly interested in the the spin depen-
dent transmission we onsider the situation where we an
neglet multiple reetions at the interfaes and thus only
alulate the ondutane to lowest order in the transmis-
sion, i.e.,
t(1) = t′2Lt1, (30)
where t1 and t2 are the transmission amplitudes for the
two interfaes and L desribes the transmission through
the middle region. We take the middle region to be bal-
listi but with a Rashba spin orbit oupling and hene
LR =
(
eik+L 0
0 eik−L
)
. (31)
If the oherene is longer than L and if the resonant na-
ture of the transmission is important one should instead
use the formula for t to all orders in L
t = t′2
∞∑
n=0
(Lr′1L
′r′2)
nLt1 = t
′
2(1 − Lr′1L′r′2)−1Lt1.
(32)
A. Condutane of a FRN struture
As a rst appliation of our formalism we will alulate
the transmission properties and ondutane for a FRN
struture. The rst-order expression for the transmission
matrix is in the Rashba representation given by
t
(1)R
FRN = t
′
2L
RU1t1U
†
1 (33)
where (t′2)σσ′ = δσσ′ t2 and (t1)σσ′ = δσσ′tσσ . Insert-
ing this into the ondutane formulae for the ase of a
partially polarized ferromagneti ontat
G
(1)
FRN =
e2
h
Tr
[(
t
(1)R
FRN
)† (
t
(1)R
FRN
)]
=
e2
h
|t2|2
∑
σ
|tσσ|2,
(34)
whih is independent of all angles. This is also the ase
for a fully polarized ferromagneti ontat where the on-
dutane beomes
G100%FRN =
e2
h
∑
s
|tσs|2 = e
2
h
|t2|2|tσσ|2.
whih is of ourse what we expeted beause the trans-
mission from F to R was diagonal in F spin representation
and the transmission between R and N is independent of
spin diretion. Here we have simply reprodued the re-
sult obtained by Ref. 6.
The FRN is thus not sensitive to the phase shift in-
dued by the Rashba interation. The phase shift ats
as a spin polarizer whih depends on the length L. The
way to detet the polarization is of ourse to replae the
normal metal ontat by a ferromagneti ontat, whih
was the original suggestion by Datta and Das,
1
whih we
study in the following setion.
B. Condutane of a FRF
′
struture
As a seond appliation we onsider the transmission
matrix for the Datta and Das struture, namely a FRF
′
devie. The transmission to rst order in the transmis-
sions is t
R(1)
FRF′ = t
′R
2 L
RtR1 , where t1 and t2 denote the
transmission for the two interfaes and LR is the trans-
mission matrix for the R system dened in Eq. (31). In-
serting the results from the previous setions, one obtains
t
R(1)
FRF′ = U2t
′
2U
†
2L
RU1t1U
†
1. (35)
If the ferromagneti ontats are not 100 % spin polarized
the ondutane is found by inserting this into Eq. (29).
For the ase where the two magnetizations are parallel,
this is expliitly found to be
G
(1)
FRF′(‖) =
e2
h
[1
2
T1T2 +
1
2
S1S2
(
1− 2 sin2 δ
+ 2 sin2(δ) sin2(φ) sin2(θ)
)]
(36)
4where
δ =
L(ks¯ − ks)
2
, (37)
T1 = |t1,σσ |2 + |t1,σ¯σ¯|2, S1 = |t1,σσ|2 − |t1,σ¯σ¯|2,
and similarly for T2 and S2.
We an now use the result in Eq. (36) to study some
speial ases. Suppose the two interfaes are equal and
the magnetization of the two magnets are either pointing
in the same diretion (⇔) i.e. T1 = T2 and S1 = S2, or
in opposite diretions (⇄) whih is equivalent to setting
∆1 = −∆2 in Eq. (11), i.e. T1 = T2 and S1 = −S2, then
we get
G
(1)
FRF(⇔) =
e2
h
[1
2
T 2 +
1
2
S2
(
1− 2 sin2 δ
+ 2 sin2(δ) sin2(φ) sin2(θ)
)]
, (38)
and G
(1)
FRF(⇄) follows by the replaement S
2 → −S2
in Eq. (38). The minimum ondutane that one an
ahieve by tuning the Rashba oupling (through δ)
and/or the magnetization diretion, is
G
(1)
FRF
∣∣∣
min
=
e2
h
1
2
(T 2 − |S|2) = 2e
2
h
|tσσ|2|tσ¯σ¯|2. (39)
The maximum modulation we an have by hanging δ
or the angles of the magnitization is
∆G
(1)
FRF
∣∣∣
max
=
e2
h
S2 =
e2
h
(Tσσ − Tσ¯σ¯)2 , (40)
whih is proportional to the dierene between the ve-
loities in the ferromagnet.
The magnetoresponse is given by
∆r ≡ G
(1)
FRF(⇔)−G(1)FRF(⇄)
G
(1)
FRF(⇔) +G
(1)
FRF(⇄)
=
S2
T 2
(
cos 2δ + 2 sin2(δ) sin2(φ) sin2(θ)
)
(41)
For the ase of two similar half-metalli ontats, i.e.
100% polarization, the ondutane for parallel ase is
given by setting T1 = T2 = S1 = S2 = t
2
σσ,
G
(1)
FRF(⇔, 100%) =
e2
h
|tσσ|2
×
(
1− sin2 δ + sin2(δ) sin2(φ) sin2(θ)
)
, (42)
and the anti-parallel is given by setting T1 = T2 = S1 =
−S2 = |tσσ |2,
G
(1)
FRF(⇄, 100%) =
e2
h
|tσσ|2 sin2 δ
(
1− sin2(φ) sin2(θ)
)
.
(43)
For the half-metalli ase the maximan modulation is t2σσ,
and the magnetoresponse as dened in Eq. (41) beomes
∆r = 1− 2 sin2 δ + 2 sin2(δ) sin2(φ) sin2(θ). (44)
This expression shows that the magnetoresponse an be
tuned between -1 and 1 depending on the Rashba ou-
pling and the diretion of the magnetization through φ
and θ.
V. SUMMARY
We found analyti result for the ondutane of an
FRF struture with ollinear magnetization, Eq. (36).
This formula shows that the minimum ondutane is
given by Gmin = (e
2/h)|t1σ|2|t2σ¯|2 + |t1σ¯|2|t2σ|2 , where
|t(1,2)σ|2 and |t(1,2)σ¯|2 are the transmission probabilities
through the interfae (1,2) for the spin diretion σ and
σ¯, respetively. In order to have a substantial valve ef-
fet the ontats should therefore by half-metalli or the
transmission oeients must be strongly spin depen-
dent.
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